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Abstract: Dyson's model is a one-dimensional system of Brownian motions with 
long-range repulsive forces acting between any pair of particles with strength pro- 
portional to the inverse of distances with proportionality constant (3/2. We give 
sufficient conditions for initial configurations so that Dyson's model with (3 = 2 and 
an infinite number of particles is well defined in the sense that any multitime cor- 
relation function is given by a determinant with a continuous kernel. The class of 
infinite-dimensional configurations satisfying our conditions is large enough to study 
non-equilibrium dynamics. For example, we obtain the relaxation process starting 
from a configuration, in which every point of Z is occupied by one particle, to the 
stationary state, which is the determinantal point process with the sine kernel. 

1 Introduction 

In order to understand the statistics of eigenvalues of random matrix ensembles as 
equilibrium distributions of particle positions in the one-dimensional Coulomb gas 
systems with log-potentials, Dyson introduced stochastic models of particles in M, 
which obey the stochastic differential equations (SDEs), 

dX j {t)=dB i {t) + £ X (t)-X (tV 1 - i - iV ' ( L1 ) 

where Bj(t)'s are independent one-dimensional standard Brownian motions [3]. The 
Gaussian orthogonal ensemble (GOE), the Gaussian unitary ensemble (GUE), and 
the Gaussian symplectic ensemble (GSE) of random matrices correspond to the 
SDEs (1.1) with (3 = 1,2 and 4, respectively [14]. Spohn [20] has considered an 
infinite particle system obtained by taking the N —>■ oo limit of (1.1) with (3 = 2 
and called the system Dyson's model. He studied the equilibrium dynamics with 
respect to the determinantal (Fermion) point process /i S i n > i n which any spatial 
correlation function p m is given by a determinant with the sine kernel [19, 18] 

K sin (y-x) = ^[ ^e^-) = Sin{ ; (y ~. x)} , ^El, (1.2) 
2vr J m7T n{y - x) 
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where % = \J—l. By the Dirichlet form approach Osada [16] constructed the infinite 
particle system represented by a diffusion process, which has /i sin as a reversible 
measure. Recently he proved that this system satisfies the SDEs (1.1) with N = oo 
[17]. On the other hand, it was shown by Eynard and Mehta [4] that multitime 
correlation functions for the process (1.1) are generally given by determinants, if 
the process starts from //^l, the eigenvalue distribution of GUE with variance a 2 . 
Nagao and Forrester [15] evaluated the bulk scaling limit a 2 = 2N/n 2 — > oo and 
derived the so-called extended sine kernel with density 1, 



s,i>0,i,!;6l, where is the indicator function of condition u, and p(t,y\x) 
is the heat kernel 



Since liniAr^oo /j,® = l^sm, the process, whose multitime correlation functions 
are given by determinants with the extended sine kernel (1.3), is expected to be 
identified with the infinite-dimensional equilibrium dynamics of Spohn and Osada. 
This equivalence is, however, not yet proved. 

Fritz [5] established the theory of non-equilibrium dynamics of infinite particle 
systems with a finite-range smooth potential. Here we study the non-equilibrium 
dynamics of infinite-particle Dyson's model with a long-range log-potential, in which 
the force acting each particle is singular both for short and long distances (see (1.1)). 

We denote by OJt the space of nonnegative integer-valued Radon measures on 
R, which is a Polish space with the vague topology: we say £ n , n G N = {1, 2, . . . } 
converges to £ vaguely, if lim^oo f R ip(x)£, n (dx) = J R ip(x)^(dx) for any ip G C (M), 
where Co(R) is the set of all continuous real- valued functions with compact supports. 
Any element £ of DJl can be represented as £(•) = ^eA^-(') with a sequence of 
points in R, x = (xj)j e A satisfying £(K) = G A : Xj G K} < 00 for any compact 
subset JfcK. The index set A is N or a finite set. We call an element £ of 9Jt an 
unlabeled configuration, and a sequence x a labeled configuration. For A C K, we 
write the restriction of £ on A as (£ n A)(-) = X^eA-z eA ^(')- 



As an OJl-valued process (P, E(t),t G [0, 00)), we consider the system such that, 
for any integer M > 1, f m G G o (R),0 m G R, 1 < m < M, < h < ■ ■ ■ < 





t > 0. 



(1.4) 
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tM < oo, the expectation of exp | X)m=i ® m Im /m(^)2(t m , can be expanded 

with Xm{x) = e 0mfm ^ - 1, 1 < m < M as 

Af . JVi „ N M 

e £ w - e- e n^L n< - L n<" 

ATi>0 N M >0m=l^ m - J ^ Nl j=l Jm. M j—i 

M N„ 



m=l j=l 

where cc^ denotes (x[ m \ . . . , x^), 1 < m < M. Here p's are locally integrable 
functions, which are symmetric in the sense that 

p(. . . ; t m , cr(x { ^l); . . . ) = p(. . . ; t m , x { ^; . . . ) with cr(a;g) = (4?i)> • • • ' 

for any permutation a G 5jv m , 1 < Vm < M. In such a system p(£ l5 cc^; . . . ; tM, 35 tv^) 
is called the (N 1 , . . . , iV M )-multitime correlation function and G^[x] the generating 
function of multitime correlation functions. There are no multiple points with prob- 
ability one for t > 0. Then we assume that there is a function K(s, x; t, y), which is 
continuous with respect to (x,y) G M 2 for any fixed (s,t) G [0, oo) 2 , such that 



p(ti,x$ ] ..r,t M ,x%>)= i< det 



l<j<N m ,l<k<N n 
l<m,n<M 



!K(t m , X.- , t n , Xfc ) 



for any integer M > 1, any sequence (N m )^ =1 of positive integers, and any time 
sequence < ti < ■ • • < tM < oo. That is, the finite dimensional distributions 
of the process are determined by the function K. Let T = {ti, . . . ,t M }- We note 
that S T = J2 teT $t ® is a determinantal (Fermion) point process on T x t 
with an operator /C given by K,f(s,x) = J^teT J R dyK(s,x;t,y)f(t,y) for fit,-) G 
Co(M),i G T. The process is then said to be determinantal with the correlation 
kernel IK. When JC is symmetric, Soshnikov [19] and Shirai and Takahashi [18] 
gave sufficient conditions for K to be a correlation kernel of a determinantal point 
process. Though such conditions are not known for asymmetric cases, a variety of 
processes, which are determinantal with asymmetric correlation kernels, have been 
studied. As mentioned above the process E(t) = ^2f =1 Sxj(t) with the SDEs (1.1) 
with (3 = 2 starting from its equilibrium measure /i^f is an example [4]. The 
infinite particle system of Nagao and Forrester [15] is also determinantal with the 
extended sine kernel, which is asymmetric as shown by (1.3). (For other examples, 
see, for instance, [21, 10].) 

In the present paper we first show that, for any fixed configuration £ N G 971 with 
^(M) = N, Dyson's model starting from £ N is determinantal and its correlation 
kernel is given by using the multiple Hermite polynomials [8, 2, 7] (Proposition 
2.1). 
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For £ G 971, when L ' L ^ converges to a continuous function as L — > oo, the 

limit is written as K^. If P§n[-L,L] converges to a probability measure p f on ant - 00 ), 
which is determinantal with the correlation kernel K^, weakly in the sense of finite 
dimensional distributions as L — > oo in the vague topology, we say that the process 
(P^, S(i), t G [0, oo)) is well defined with the correlation kernel K£. (The regularity of 
the sample paths of E(t) will be discussed elsewhere [11].) In the case £(R) = oo, the 
process (P^, S(£), t G [0, oo)) is Dyson's model with an infinite number of particles. 

For £ G 9Jt with £({x}) < l,Va; G R, we give sufficient conditions so that 
the process (P^,S(t),t G [0,oo)) is well defined, in which the correlation kernel is 
generally expressed using a double integral with the heat kernels of an entire function 
represented by an infinite product (Theorem 2.2). The configuration in which every 
point of Z is occupied by one particle, £ z (-) = X^ez<M')> satisfies the conditions 
and we will show that Dyson's model starting from £ z is determinantal with the 
kernel 

K^(s,x;t,y) = K sin (t - s, y - x) 

+ _L f dke k2{t ~ s)l2+tk{y - x) Uz{x-iks,2ms)-l\ (1.5) 

27T J\k\<n 1 J 

= K sin (t - s, y - x) 

7iu{(y — x) — 2nis£} , 

eei,\{o} 

s, t > 0, x, y G R, where $3 is a version of the Jacobi theta function defined by 

3 ( u ,r) = ^e w+,rtT<2 , 3r>0. (1.6) 

The lattice structure K ?z (s, x + n;t,y + n) = K ?z (s, x; y), Vn G Z, s, t > is clear 
in (1.5) by the periodicity of $3, i9 3 (v + n, r) = ^(f , r), Vra G Z. We can prove 

lim (w + s, x; w + t, y) = K sin (t — s,y — x), (1.7) 

which implies that // sin is an attractor of Dyson's model and £ z is in its basin. 

We are interested in the continuity of the process with respect to initial configura- 
tion. For Dyson's model with finite particles, the weak convergence of the processes 
(P^jv, S(i), t G [0, 00)) — > (Pgjv, t e [0) °°)) as n ^ 00 is guaranteed by the vague 
convergence of the initial configurations ^ — > £ N as n — > 00, where Cn^ N e ^ 
with £^ (R) = ^(R) = iV < 00, n G N. Based on this continuity, Dyson's model can 
be defined for any initial configurations with finite particles, which can have multiple 
points (see Proposition 2.1). On the other hand, we have found that, if £(R) = 00, 
the weak convergence of processes in the sense of finite dimensional distributions 
cannot be concluded from the convergence of initial configurations in the vague 
topology. In the present paper we consider a stronger topology for infinite-particle 



+ e M ~^ se \ due^-V* cos 
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configurations (Definition 2.3). We introduce the spaces 2)^, k G (1/2, l),m G N of 
initial configurations such that the convergence of processes is guaranteed by that 
of the initial configurations in this new topology (Theorem 2.4). 

Note that the union of the spaces 2J = (J K e(i/2 i) UmeN^m * s l ar g e enough to 
carry the Poisson point processes, Gibbs states with regular conditions, /i sin , as 
well as infinite-particle configurations with multiple points. In particular, using the 
fact /i S in (?J) = 1 and the continuity with respect to the initial configurations, we 
can prove that the process (P S i n ,S(t),t G [0, oo)) of Nagao and Forrester, which is 
determinantal with the extended sine kernel (1.3), is Markovian [11]. 

The paper is organized as follows. In Section 2 preliminaries and main results 
are given. In Section 3 the definitions of some special functions used in the present 
paper are given and their basic properties are summarized. Section 4 is devoted to 
proofs of results. 

2 Preliminaries and Main Results 

For £(•) = X^'gA ^ (•) £ 2Jt, we introduce the following operations; 

(shift) for ueR, r u £(-) = ^, +u (-), 

jeA 

(dilatation) for c > 0, c o £(•) = £ S CXj (-), 

jeA 

(square) £< 2 >(') = £ ^(-). 

jeA 

We use the convention such that 

J] f(x) = exp | J £(dx) log f(x) } = II f( x ) ({{x}) 

for £ G 971 and a function / on R, where supp £ = G R : £({a^}) > 0}. For a 
multivariate symmetric function g we write ^((a;)^^) for g((xj)j e /C)- 
For s, t G [0, oo), x : y G R and £ N G Tt with f N (R) = iV G N, we set 

K ?iV (s,a;;t,|/) = ^— <fc dzp(s,x\z) [ dy' p(t, -iy\y') 

W' - z J- e f N \ x'-z 
-l(s>t)p(s-t,x\y), (2.1) 

where T(£ 7V ) is a closed contour on the complex plane C encircling the points in 
supp £ N on the real line R once in the positive direction. 
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Proposition 2.1 Dyson's model (F^n ,E(t),t G [0, oo)) ; starting from any fixed con- 
figuration £ N <E 9JI with £ N (M) = N < oo, is determinantal with the correlation 
kernel Mfi given by (2.1). 

We put 

Tl = jf G Wl : £({:r}) < 1 for any x G r}. 

Since any element £ of 9Jto is determined uniquely by its support, it is identified 
with a countable subset {xj}j e \ of R. For ^ N G 9JT , a G C, we introduce an entire 
function of z G C 



•«".«.*>= n (i-H) 



xe£ Jv n{a} c 

whose zero set is supp (£ N fl {a} c ) (see, for instance, [12]). Then, if £ N G Wlo, (2.1) 
is written as 

K^ N (s,x;t,y) = [ £ N (dx') p(s, x\x') [ dy' p(t, -iy\y')$(£ N ,x',iy') 

-l(s>t)p(s-t,x\y). (2.2) 

For L > 0, a > and £ G 071 we put 



M(£,L)=[ M a (£,L)=([ 

J[-L,L]\{0} X \J[-L,L]\{0} 



and 



M(£) = lim M(£, L), M Q (£) = lim M Q (£, L), 

if the limits finitely exist. We introduce the following conditions: 

(C.l) there exists C > such that |M(£)| < C , 

(C.2) (i) there exist a G (1,2) and Ci > such that Af a (£) < Ci, 
(ii) there exist /3 > and C 2 > such that 

Mi(t_ o2 £< 2> ) < C 2 (M V 1)^ Va G supp f. 



We denote by X the set of configurations £ satisfying the conditions (C.l) and (C.2), 
and put X = X fl 97t . For £ G X , a G R and z G C we define 

$(£, a, z) = lim $(£ n [a - L, a + L], a, 2). 

We note that |$(f,a,z)| < oo and a, •) ^ 0, if |M(r_ a £)| < oo and M 2 (r_ a £) < 
oo. 



6 



Theorem 2.2 // £ G X 0; £/ie process (P^,S(t),t G [0, oo)) we// defined with the 
correlation kernel given by 

K^(s,x;t,y) = / ^(da/)p(s,x|x') / dy' p(t, -iy\y')$(£,x' ,iy') 
Jr Jr 

-l(s>t)p(s-t,x\y). (2.3) 

In case £(R) = oo, Theorem 2.2 gives Dyson's model with an infinite number of 
particles starting from the configuration £ G X . From (2.3) it is easy to check that 

K^(£, x; £, y)M^(t, y; t, x)dxdy — > £(dx)l(x — y), t — > in the vague topology. 

An interesting and important example is obtained for the initial configuration, 
in which every point in Z is occupied by one particle, £ z (-) = X^ez^(')- m this 
case £ z (-) G £o and we can show that the correlation kernel is given by (1.5). 
The process (P S m, S(t), t G [0, oo)) is reversible with respect to /i S i n . The result (1.7) 
implies that the process (P^z, E(u+t),t G [0, oo)) converges to (P s i n , S(t), t G [0, oo)), 
as u — ► oo, weakly in the sense of finite dimensional distributions. In other words, 
(P^z, S(t), t G [0, oo)) is the relaxation process from an initial configuration £ z to the 
invariant measure /i S i n , which is determinantal, and this non-equilibrium dynamics 
is completely determined via the temporally inhomogeneous correlation kernel (1.5). 
(See Remark in Section 4.3.) 

For k > 0, we put 

g K (x) = sgn(a;)|a;| K , x G R, and ?f (•) = ^ <VwO- 

Since g K is an odd function, satisfies (C.l) for any k > 0. For any k > 1/2 we 
can show by simple calculation that r/ K satisfies (C.2)(i) with any a G (l//c, 2) and 
some Ci = Ci(a) > depending on a, and does (C.2)(ii) with any (3 G (0,2k — 1) 
and some C 2 = C 2 ((3) > depending on f3. This implies that rf is an element of X 
in any case k > 1/2. Note that r/ 1 = £ z . 

If there exists (3' < ((3 - 1) A (/3/2) for £ G Wl such that (j{a; G £ : - 
,x+ \x\P ]) > 2} = oo, then £ does not satisfy the condition (C.2) (ii). In order 
to include such initial configurations as well as those with multiple points in our 
study of Dyson's model with an infinite number of particles, we introduce another 
condition for configurations: 

(C.3) there exists k G (1/2, 1) and m G N such that 

m(Z,K) = maxs(\g K (k),g K (k + l)]) < m. 

We denote by 2)^ the se ^ °f configurations £ satisfying (C.l) and (C.3) with k G 
(1/2, 1) and m G N, and put 

9= U U^m- 

kG(1/2,1) mSN 
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Noting that the set {£ G Wl : m(£, «) < m} is relatively compact for each k G (1/2, 1) 
and m G N, we see that 2) is locally compact. We introduce the following topology 
on?). 

Definition 2.3 Suppose that G 2J,n G N. PFe say £/ia£ £ n converges $- 

moderately to £, i/ 



lim $(£ n ,i, •) = $(£,i, •) uniformly on any compact set of C. 



(2.4) 



It is easy to see that (2.4) is satisfied, if £ n converges to £ vaguely and the following 
two conditions hold: 



lim sup 

L-+oo „ >0 



lim sup 

L->oo „ >0 



£ n (ofe) 



[-l,l]c a; 

<2>- 



o, 



0. 



■L,L] C 



X 



Note that for any a G 



and z E C 

lim $(f„,a,z) = $(£,a,z), 



(2.5) 
(2.6) 

(2.7) 



if £ n converges ^-moderately to £ and a ^ supp £. 

Then the second theorem of the present paper is the following. 

Theorem 2.4 (i) If £ G 2), (P^,S(t),t G [0, oo)) is well defined with a correlation 
kernel K£. In particular, when £ G 2)o = ?) fl 97t ; ^ * s owen fry (^.5/ 
(ii) Suppose that G G N /or some /c G (1/2,1) and m G N. // 

converges ^-moderately to £, £/ien £/ie process (Pg n , 5(t), t G [0, oo)) converges to the 
process (P^,S(t),t G [0, oo)) weakly in the sense of finite dimensional distributions 
as n — > oo m i/ie vague topology. 

In the proof of this theorem given in Section 4.4, we will give an expression (4.26) 
to K^, which is valid for any (£2). There we will use special functions such as 
the Hermite polynomials, H k , k G N = N U {0}, the complete symmetric functions 
hk, k G No, and the Schur functions s^\e), k, £ G Nq. 



3 Special Functions 



3.1 Multivariate symmetric functions 

For n G N, let A = (Ai, A 2 , . . . , A n ) be a partition of length less than or equal to n, 
and 5 = (n — 1, n — 2, . . . , 1, 0). For x = (xi, x 2 , ■ ■ ■ , x n ) consider the skew-symmetric 
polynomial 



det 

l<j,k<n 



X 



Afc+rt— k 
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If A = 0, it is the Vandermonde determinant, which is given by the product of 
difference of variables: 



a$(x) = det 

l<j,k<n 



X 



n—k 



n i x 3- x k)- 

l<j<k<n 



The Schur function of the variables x = (xi, X2, ■ ■ ■ , x n ) corresponding to the parti- 
tion of length < n is then defined by 



s\{x) 



a\+s{x) 
a s (x) 



which is a symmetric polynomial of x [13]. 

In the present paper, the following two special cases are considered: 
(i) When A = (r), s\(x) is denoted by h r (x) and called the r-th complete symmetric 
function, which is the sum of all monomials of total degree r in the variables x = 
(xi,x 2 , • • • , x n ). The generating function for h r is 

n 1 

H(x,z) = > h r (x)z r = TT for max \xjz\ < 1. 

*Tf LL l-XiZ l<j<n 3 1 



reNo 



(ii) When A = (k + 1, 1 £ ), + £ + 1 < n, we use Frobenius' notation (k\£) for the 
partition, and consider the Schur function s^\e)- Note that the sum of coefficients 
of the polynomial s^\£)(x) equals 



,1) 



k + 

i 



n 

h + l + l 



(3.1) 



Next we consider an infinite sequence of variables: x = (xj)j eN . If XljeN x j < °°> 
and z is a variables such that sup JgN \xjz\ < 1, then z)| < oo. Moreover, if 

SjeN 2 '! < oo in addition to the above conditions, we can show 



cb fe - L - L 1 — XjZ 



2 = 



by simple calculation. It implies 

|/i r (cc)|z r < exp 

reNo 



jGN 



jeN 



2 + E — 



\ x j z \ 



fc G N, 



2 = 



+ E r 



J'GN 



J 2 

I I 

\XjZ\ 



and thus the formula 



reNo jeN J 



(3.2) 



(3.3) 
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is valid for the infinite sequence of variables x = (xj)j e ^. Assume that there exist 
x E R and e > such that £([x ~ £ > x o + £]) = 0. We see that for fixed z E C 



= T](i- Z -^-) TT - 



(x - x y, 



reN 

where (3.3) has been used. Then $(£, x, z) is a smooth function of x on [x — £, x +e]. 
3.2 Multiple Hermite polynomials 

For any £ G 9Jt with £(R) < oo, the multiple Hermite polynomial of type II, P^ is 
defined as the monic polynomial of degree £ (R) that satisfies for any a; e supp £ 

/ dyP € (y)y»"e-(»-*) a / 2 = 0, j = 0, . . . ,£({x}) - 1. (3.4) 

</]R 

The multiple Hermite polynomials of type I consist of a set of polynomials 

{^( • , x) : x e supp £, degA ? (-,:r)=£({:r})-l} (3.5) 



such that the function 



Qf(y)= £ My^)e- {y ~ x)2/2 (3.6) 

xgsupp £ 



satisfies 

0, j = 0,...,f(K)-2 



= j _ £(R)_i. (3-7) 

The polynomials {A^(-,x)} are uniquely determined by the degree requirements 
(3.5) and the orthogonality relations (3.7) [8]. The multiple Hermite polynomial 
of type II, P^ and the function defined by (3.6) have the following integration 
representations [2], 

r e ~(y'+iy) 2 /2 

P*(y) = / dy' -_!](#-*), 

V2tt s£€ 

^> = mL* ^ ro^r (3 - 8) 
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Now we fix £ N E 9JI with £ N (R) = N E N. We write ^(-) = J2j=i MO with a 
labeled configuration a? = such that rri < rc 2 < • • • < xn- Then we define 

tf(-) = and ef(0 = E l<J<iV- 

fc=i 

By definition £f (R) = J, < j < N and tf({x}) < ^ +1 ({x}),Wx E R, < j < 
N - 1. We define 



irj-^rH V*), #n^) = ^f +1 (y), o<j<jv-i. (3.9) 

By the orthogonality relations (3.4), (3.7) and the above definitions, we can prove 
the biorthonormality [2] 

f dyH ( j -\y^ N )Hi + \y;Z N )=5 jk , 0<j,k<N-l. (3.10) 

For N EN, let = {a? E R N : £i < x 2 < ■ ■ ■ < x N }, the Weyl chamber of type 
Aiv-i. 



Lemma 3.1 Lei ?/ = (yj)f =1 E W N . For any £ N (-) = X^MO G 971 ^ 
labeled configuration x = (xjW =1 such that x\ < x 2 < ■ ■ • < xn , 



— — — det 

a&(x) i<j,k<N 



l<j,k<N L J 

Here when some of the Xj 's coincide, we interpret the LHS using I'Hopital's rule. 

Proof. First we assume £ N E SEtt . Since a s (x) = (-l)^- 1 )/ 2 nf =2 Y\L=i( x i ~ x m), 
by the multilinearity of determinant 

1 



det 

a s (x) l<j,k<N 



-(Vk-Xjf/2 



.l)iV(7V-l)/2 (27r) 7V/2 ^ 

l<j,k<N 



= (_l)^- 1 )/ 2 (2 7 r) JV / 2 det 

l<j,k<N 



E 



27r rim=l(^— ^m) 
1 



3 e ~(y k -x e ) 2 /2 



By definition (3.9) with (3.8), if £ N E Wl , £ N (R) = iV, 

-Q/ fc -*) 2 /2 



717 ^ 



2?ri 
1 

2vri 



1 



r(^) " flxg^^-^) 



(3.12) 



e -(y k ~z) 2 /2 



1 



= E 



2, e -fe fc -^) 2 /2 



2?r nLi(^-^) 
i 



1 ril<m<j,m^(^ — X ™) 
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, 1 < j < N. 



Then (3.11) is proved for £ N e 97l - When some of the x/s coincide, the LHS of 
(3.11) is interpreted using l'Hopital's rule and in the RHS of (3.11) H^\(y k ;^ N ) 
should be given by (3.12). Then (3.11) is valid for any £ N e Wl,^ N (R) = N. , 

Lemma 3.2 Let N e N,^ N e Wl with £ N {R) = N. For < s < t, x, y e R, < 
j<N-l, 

(3.13) 



(3.14) 



where p is the heat kernel (1-4) ■ 
Proof. Consider the integral 



jjvH^ (X ; i_o^ p(t-s,y\x) 

, 1 -L f dy' TT (V-4=) I dye-^i^-^y'^/^ 2 ' 2 



-t(y'+ix/y/t) 2 /(2s) 



Change the integral variable y' — > y'^Jt/s to obtain the equality (3.13). Similar 
calculation gives (3.14). a 
When = N5o(-), 

Hj-\y;N5 ) = 2^/ 2 ^(y/v / 2), 
o-j7 2 

#j +) (y;A^ ) = -^H 3 (y/V2)e-y 2 / 2 , < j < N — 1, 
where Hj (x) is the Hermite polynomial of degree j , 

, /" e _2/2 / 2 /- 
= 2 j/2 / dy—={iy + V2x) J 

JR V 27T 

•| /• 22X-2 2 

= TT- 9 ^ — r— - — . (3.15) 
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The last expression (3.15) implies that the generating function of the Hermite poly- 
nomials is given by 

e 2 — 2 = £ fax). (3.16) 

4 Proofs of Results 

4.1 Proof of Proposition 2.1 

For x, y G Wat and t > 0, consider the Karlin-McGregor determinant of the heat 
kernel (1.4) [9] 

f N (t,y\x) = det p(t,%|x fe ) 

If f N G 9Jt with f ^(R) = TV G N, ^ can be identified with a set x G Wat. For any 
M > 1 and any time sequence < ti < • • • < tu < oo, the multitime probability 
density of Dyson's model is given by [6, 10] 



^>,£ (1) ;...;W (M) ) 



M-l 



a s {x) 



rn=l 



where e (m) (") = E J= i^)(0> 1 < ^ < M. 
Define 



< j < JV-l,t > 0,1 £ 1. From the biorthonormality (3.10) of the multiple 
Hermite polynomials and Lemma 3.2, the following relations are derived. 

Lemma 4.1 For £ N G SDT ^(R) = iV G N, < h < t 2 , 

[ dx 2( f> < f ) (t 2 ,x 2 ;Z N )p(t 2 -t 1 ,x 2 \x 1 ) = <f> ( j - ) (t 1 ,x 1 ;Z N ), < j < N - 1, 

/ dx lP (t 2 -ti.^lm)^^,^;^) = ^ +) (t 2 ^2;e Ar ), o < j < TV - 1, 

/ dx x / dx 2 (f)'f\t 2 ,x 2 ;£ N )p(t 2 - t 1 ,x 2 \x 1 )(f> ( jf\t 1 ,x 1 ;£ N ) = S jk , 
Jr Jr 

0<j,k<N-l. 
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Put 



l<j,k<N L 



Since H j ^ is a monic polynomial of degree j, ^ \t,x;£ N ) = (—1) N ( N 1 ^ 2 as(x). By 
Lemma 3.1, f N (t 1: x^\x)/a 5 (x) will be replaced by (-l^-^V+^i, ajW; to 
extend the expression to the case £ N G 971. Then the multitime probability density 
of Dyson's model is expressed as 

^(ii,e (1) ;---;iM,e (M) ) 

Af-l 

= ^-)(t M>aJ W;r) n /iv(Wi-i m ;^ +1) k w )^ (+) (f^ (1) ;f) (4-1) 

m=l 

for f * G SDT with ^(R) = iV G N. For x = (x u ...,x N ) with f (•) = MO and 
iV 7 G {1, 2, . . . , N}, we put as jv = (x 1 , . . . , xn>). For a sequence (N m )™ =1 of positive 
integers less than or equal to N, we obtain the (Ni, . . . , N M )-multitime correlation 
function by 

o e( u _(i). 

r JV ^ 1' JVi ' ' ' ' 5 "Afj Nm J 

» M N 

^11^=1 K m m=l V my j=JV m +l 

For / = (/!,.-. , / M ) G C (K) m , and = ••• , M ) G M M , the generating 
function for multitime correlation functions is given as 



M 



JV 



exp <^ °m Yl fmiXjmitm)) 

Lm=l jm=l 
JV M JVi 



JV JV M JVi JV M 

E"E n^jLn^ -L n 

JV 1= JV M =0m=l iVm ' j=l JR n m j=1 

M JV, 



(fa 



(M) 



X 



n II ^ m (4 m) ) p5JV (S ^S]; • • • ; *m, a#2) • 

m=l j=l 



where 



Xm (x) = e dmfm(x) - 1, 1 < m < M. 

By the argument given in Section 4.2 in [10], the expression (4.1) with Lemma 4.1 
leads to the Fredholm determinantal expression for the generating function, 

Q* N [ X \ = Det [5 mn 5(x -y) + S m > n (x, y; Z N ) X n(y)] , 

where 

S m ' n (x, y; £ N ) = S m ' n (x, y; ^) - l(m > n)p(t m - t n , x\y) 
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with 



N-l 



3=0 

1 ff \ 3/2 



3=0 



r(+) 



x 



o(?)H. 



(-) ( y . 1 



3 \vC V^n 



N 



Here the Fredholm determinant is expanded as 

Det [5 mn 5(x -y) + S m > n (x, y; ^ N )Xn(y) 

y y. ii , ,/, ii*; - 



iVi=0 iV M =0m=l 
M AT, 

X 

m=l j=l 



jTJ ^ 

3=1 



(M) 
3 



M iV m 

n Yix4 x 3 m) ) det 

V J / l<j<N m A< 



l<j<N m ,l<k<N n 
Km,n<M 



Proof of Proposition 2.1. Inserting the integral formulas for the kernel S m,n 

is written as 



S m > n {x,y-e) 



1 1 



dz 



-{z-x/^.f/2 



I dy' 



,~(y'+iy/Vt^) 2 /2 



ftmliri /r(t" 1/2 o^) V27T 



2tt 



1 dy'- 



2tt 



-(j/'+^/v/t^) 2 /2 



2tt 



For zi,z 2 & C with zi ^ {xi, . . . , xn}, the following identity holds, 



j2 nLi(^ -^) 
^=0 il=i (^i - ^) 

I Z 2 - Xi 



z l -xi (zi - x 1 )(z 1 - x 2 ) 

N 



+ ••• + 



(Z2 ~ Xi)(z 2 - X 2 )--- (Z2 ~ XN-l) 
(Zi - X^iZi - X 2 ) ■ ■ ■ (Zi - x N ) 



n 



z 2 — Xe 
Zi - x e 



1 



1 

z 2 — z l 
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By this identity, we have 

1 r -(z-x/Vt^) 2 /2 r P -(y'+iy/Vt^> 2 /2 
S m > n (x,y;£ N ) = <b dz- — dy' 



x 



t~t iVt^y' - xe _ 1 



Note that 



e -(z-x/y/t^) 2 /2 r e -(y'+iy/Vt^) 2 /2 I 

dz — / dy' 



I r e -(z-x/^u) 2 /2 r e -(y'+iy/Vu) 2 /2 
(h dz -= / dy' -= | . 

2m h(t m 1/2 o^) V27T Jr ' V27T IVtnV' ~ V V *n W 



0. 



By changing the integral variables appropriately, we find that S m ' n (x, y; £ N ) is equal 
to (2.1) with s = t m ,t = t n . This completes the proof. ■ 

4.2 Proof of Theorem 2.2 

In this subsection we give a proof of Theorem 2.2. First we prove some lemmas. 
Lemma 4.2 If M a (£) < oo for some a G (1,2), then 

aV MlK ' I)a/M <M(^M 
a 2^ L(L + 1)« SM °W 
LeN v ' 

Proof. By Holder's inequality we have 

mtL) = [ ^<M a (OZ([-L,L]\{0}) ia - 1)/a . 

J0<\x\<L Fl 



On the other hand 

Lld.c) 

LeN- 



L-K\x\<L F 



a 



> E L l \ {°}) - t([-L + 1,L - 1] \ {0}) } 



L(L + 1)« 
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From the above inequalities we have 

a/(a-l) 



mji)" > a y ! ( Mi&HX 



Lemma 4.2 is derived from this inequality, since a + a/ (a — 1) = a 2 /(a — 1). | 

Lemma 4.3 Let a G (1,2) and 5 > a — 1. Suppose that M a (£) < oo and ptt£ 
L = L (a,(5,O = (2M a (O) a/(5 - a+1) . Tnen 

Mi(£,L)<i/, L>L . 

Proo/. Suppose that L 1 G N satisfies Mi(£,Li) > Lf. Then 



a 



L(L+1)« ^ iL(L+ l)a 

>aLf /(a " 1) / dyy-^ 

JLi+1 

= L aS/(a-l)^ + x y a = ^ L l ^ ° £ > a(tf-a+l)/(a-l) _ 



From Lemma 4.2 we have 



J^- Q+ i)/(«-i) < M a (0 aa/(a_1) . 

Hence 

L x < ( ^j^J M a (0 a/{6 ~ a+1) < (2M a (0) a/(5 " a+1) . 

This completes the proof. | 

The following lemma will play an important role in the proof of Theorem 2.2. 

Lemma 4.4 For any £ G X , there exist C 3 = C 3 (a, (3, C , Ci, C 2 ) > and 9 G 
(a V (2 - fi),2) such that 

m,a,iy)\ < exp [c 3 {(\y\ e V 1) + (|a| 9 V 1)}] Wy G M, Va G supp £. 

Proof. First we estimate the entire function <&(£, a, z), z G C, in the case that 
a = G supp £. In case 2|z| < \x\, by using the expansion 

fcGN 
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we have 



/ log + = / ({dx) ^t*EL (I) 

J2\z\<\x\ " x/ J2\z\<\x\ Z7Z K KX/ 



\*\<\A km 



J2\z\<\x\ x J2\*\<\x\ KxJ irt, k KxJ 



X/ * — ' k \X, 

k=2 



Since 



and 



C(dxf- 

2\z\<\x\ x 



2\z\<\x\ 



fc-l / y \ k-2 



-If' 1 (Z 



k=2 



k \X 



J2\z\<\x\ Fl 1 k=2 J2\z\<\x\ 



we have 



n{i + Ki 

xet, 



'2\z\<\x\ 

< M a (t;r\z\ a , 



x\ > 2\z\)— > < exp 

x 



\x\ 



z\+M 1 ^,2\z\)\z\+M a ^) a \z\ a Y 



On the other hand we have 

Jj{l + 1(0< \x\ <2k|)^} 

< exp 



z\ > = exp 



[M^zDlz]}. 



-2|*|,2|z|]\{0} F 

Combining the above two inequalities (4.3) and (4.4), we obtain 

J] (l + £) < exp {|M(OIM + 2M 1 (^2\z\)\z\ + M a (£) a \z\ a }. 
xe£n{o} c 

By the conditions (C.l), (C.2)(i) and Lemma 4.3, we have 

\M(0\\z\ + 2M 1 (£, 2\z\)\z\ + M a (O a \z\ a < C \z\ + 4\z\ 1+s + d\z\ a 
for \z\ < L (a, 5, C\) with 5 > a — 1. Hence, if we can take 6 > a, then 

|$(e,0,^)|<exp [C(\z\ e vl) 

with a positive constant C, which depends on only a,fl,C and C\. 
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Next we estimate the case that a ^ by using the following equations: 



/ z\ 1 

^,a,z) = <S>(Z,0,z)<5>(tn{0y,a,0) (-) 



a — z 



and 



$(£ n {0} c , a, 0) = $(£ n {-a} c , 0, -a)$(£ <2) n {0} c , a 2 , O^-M-H 
where a G supp £. From the above estimate (4.5) we have 

D {-a} c ,0,-a)| <exp [c(|a| e V 1) . 

Since |(iy/a)^°^a/(a — < 1, it is enough to show the estimate 

$(£ <2> n {0} c , a 2 , 0) < exp {3C 2 |a| 2 -' 3 } 

for proving this lemma. We have 



I21 



2a 2 <\x-a 2 \ 



£ {2) (dx) log ( 1 + 



a 



x — a- 
2 



(-l) fc / a 2 



fc \ x — a? 



< 2 

On the other hand we see 





a 2 


I2a 2 <\x-a 2 \ 


x — a 2 



< 2M,M < ")« ! . 



II {l + KO <|*- a *|< 2o 2 )^j} 



< exp 



T-a< {2) ){dx) 



-2a 2 ,2a 2 ]\{0} 



.7' 



2 \=e W {M 1 (r. a ^ 2 \2a 2 )a 2 ). 



Then 



•({»n{o>V,o) = n + 

< exp {3Mi(T_ o2 f < 2 >)a 2 } = exp {sC^al 2 ^}. 



This completes the proof. 1 

Proo/ 0/ Theorem 2.2. Note that f fl [— L, L], L > and £ satisfy (C.l) and (C.2) 
with the same constants C , Ci, C 2 and indices a, /3. By virtue of Lemma 4.4 we see 
that there exists C 3 > such that 

m n [-L,L],a,iy)| < exp [c 3 {|y| + (|a| e V 1)} , 



19 



ML > 0, Va G supp £, G K. Since for any y G K 

$(£n [-L,L],a,ij/) -> $(£,a,iy), L -> oo, 
we can apply Lebesgue's convergence theorem to (2.2) and obtain 

lim K^ n[ - L ' L] (s, x; t, y) = (s, x; t, y) . 

L^oo 

Since for any (s,t) G (0, oo) 2 and any compact interval J C R 



sup 

x,yel 



K^- L > L \s,x;t,y) 



< oo, 



we can obtain the convergence of generating functions for multitime correlation 
functions; ^^ n t _L,L '[x] — > G^[x] as L ^ oo. It implies Pgn[-L,L] as L ^ oo in 

the sense of finite dimensional distributions and the proof is completed. ■ 

4.3 Proofs of (1.5) and (1.7) 

Proof of (1-5). Since £ z = 77 1 G Xo, we can start from the expression of the correla- 
tion kernel (2.3) in Theorem 2.2. For i G Z, z G C 

*kv,,) = n (1-7^7) 

sin{7r(,2 — f)} 

7T(^ - I) 

= — [ dke^ z - £ \ 
2tt J\k\<w 

since IlneN^ ~~ x 2 /n 2 ) = sin(7r:r)/(7r:r). Then 

KZ\s,x;t,y) + l(s > t)p(s - t,x\y) = ^p(s,x\e)I(t,y,e), (4.6) 



where 



I(t,y,£) = [ dy'p(t,-iy\y')±- [ dke ik ^ 

JR A7T J\k\<n 



\k\<_ 



2n 



|fc|<7T 



By definition (1.6) of $3, we can rewrite (4.6) as 

— / dke kHt-s)/2 + ik(y- X ) 



27T 



' - - 1 ^ -■Ki(x-ik S ) 2 /(2ms) I 1 



\k\<n 



' 2ms ^ 2ms ) l '- n is 
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Use the functional equation satisfied by ^ 3 (f,r) (see, for example, Section 10.12 in 

and the integral representation of the heat kernel (1.4). Then (1.5) is obtained. | 
Proof of (1-7). By the definition (1.6) of t? 3 , for s,t,u > 

K^(u + s,x;u + t,y) - K sin (t - s, y — x) 

dk e k2 ( t ~ s )/ 2 + ik (y- x )- 27T ( u + s )( 7r + k ) 



p—2irix 



2tt 



|fe|<7T 



p 2irix , 

- l - 2 (t-s)/2+ifc(j/-a;)-27r(u+s)(7r-fc) 



i|fc|<7T 



<ez\{-i,o,i} 2?r ^ fe l^ 



( y te k 2 (t~s)/2+ik(y-x)~2n(u+s)e(e-K-k) 



Then we see for any u > 

K^ Z (-u + s, x; w + i, y) — K sin (t — s,y — x)\ 



V 6 V J \ 2tt 2 ( M + s) + 1 - e -2^ (u+s ) j - „ ' 

where C > depends on £ and s, but does not on u. This completes the proof of 
(1.7). , 

Remark Since this relaxation process (P^z,S(t),t e [0, oo)) is determinantal with 
, at any intermediate time < t < oo the particle distribution on R is the 
determinantal point process with the spatial correlation kernel Mfi (x,t;y,t),x,y G 
R. It should be noted that this spatial correlation kernel is not symmetric, 

sin n\(y — x) — 2mt£\ 

i 1 t/6l,0<t< oo. 
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4.4 Proof of Theorem 2.4 

In this subsection we prove Theorem 2.4. Suppose £ G 2J^ c ?)■ F° r k & Z we can 
take & fc and 6 fc such that = —b k ,b_ k _i = —b k , 



[b k ,b k ]c(g K (k),g K (k + l)), b k -b k > 



g «(k + l)-g"(k) 



2m(£,«) + l ' 
e([6*,6*])=0 and $({(5 fc _ x + fe fe )/2}) = 0. 

We put 4 = [64, 6 fc ] , e k = \I k \ = b k -b k , c k = (b k ~i+k k )/2, and A k = (6 fe - b k -i)/2. 
Note that [&_k-i,6_ fc ] = i_ fc _i = -4, e_ fc _i = e k ,k e N . Then we 

define the fc-th cluster in the configuration £ by 

£fc = ^n[6 fc _i,6 A ]. 

It is easy to see that Xlfcez ^fc = an d for each k G Z 

(4.7) 
(4.8) 



\£ k \ = C fc (R) = £([&*-!, 6*]) < 2m(£, k), 

k - y| > £ fc _i A e k , a; G supp £ fc , y G supp (£ — 



Let Vfc = (ffc^)^l fc J be the increasing sequence with X^=i — £fc- See Figure 1. 
For a G supp £, we denote by (£ a the cluster containing a. Remark that, when £ n 
converges to £ vaguely as n — > 00, we can take the fc-th cluster £&(£«) of £ n so that 
it converges to the fc-th cluster £ k (£) of £ vaguely as n — > 00. 



I«*l 



4-i z' 
1 ? 



^ & 1 



^ 2 



^ 3 



9 K (k) 



Vk+l 1 



\4+i 

Pk+l 2 Ufe+l 3'. . 



ff K (fc + l) 



A 



fc+i 



fo fe _i 6 fe _i c fc & fe 5 fc c fe+ i b k+1 b k +i 

Figure 1: The clusters 
We introduce C-valued functions ^ k (t, £, z, x), k G Z, t > 0, £ G 2), 2; G C, 
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x e 



l«*l 

y k (t, z, z , x) = $(e - e*, Cfc! *) J> - Ck y-\-i)\^\-^ 

1=1 

{CO 
9=l«*l 



>, (4-9) 



if \Ck\ 7^ 0, and ^(t, £, z) = 0, otherwise, where s^\e) is the Schur function associated 
with the partition (k\£) in Frobenius' notation, and 

(4.10) 

with the Hermite polynomials H k , k G No, and with the complete symmetric func- 
tions h k ,k E No. 

Lemma 4.5 Suppose that £ e 2)o- T/ien /or 6 Z,f > 0,i 6 E,z G C 

/ e fe (dzOe~ ( *'~* )2/(2t) $(£,^) =e-( Cfc - x ) a /( 2t )* fc (*,^z,x). 

Proof. From definitions of <C k , fceZ and $, we have 

=^w.-'^» n ^ n ^ 



e 



x 



where 
and 



-( <k -xf/{2t) f £^ dx ^ e -( x >- Ck )(x'+c k -2x)/(2t) 
JR 

-i-r (z - Cfe) - (U - Cfe) T-r (g - C k ) - (v - C k ) 

J- J- (x' — c k ) — (u — c k ) (a;' — ct) — (f — c fc ) 



Q(5(«Emj J) 1/) <2<s(xi, • • • j -Ej — 1) Vi -Ej+1) ■ ■ ■ i %m) i 

2(c k — x)x' + x' 2 



ipk(t, f , a/, z, x) = $(£ - £ fc , x' + c fc , z) exp 
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2* 



Now we introduce ? 's as the coefficients of the expansion 



ip k (t, £, x', z, x) = ®k,q(t, £, z, x)x 



/q 



Then we have 



l«fcl 



a s (vk- c fc ) ^ ^ fc ^' ^ Vkj ~ Cfc ' z ' x ) a<5 ( Vfc ~ c k,j;z - c k ) 



l«fcl 



/ ip k (t,^,v kl - c k ,z,x) ip k (t,£,,v k2 - c k ,z,x) 



x det 



V 



(v k i - c k y +i 

(Vkl - CkY' 1 

v k i - c k 

i 



{v k -2 - c k y +i 
(v k2 - c k y~ i 

V k 2 - Cfc 

1 



l«£*l 



1pk(t,£,V k \£ k \ - Cfc, 

(v k \z k \-c k )^ 
(v k \e k \ - Cfc) £+1 

(Ufc|«*| - Cfc)^ 1 



^fe|e; fc | - Cfc 



X < ®kAt,£,Z,x) + 0fc,g(t,^,Z,x)s ((? _| l r fc ||| e;fc |_^_i ) (Vfc - Cfc) 

I 5=|«*l 

Then, to prove the lemma, it is enough to show the equality 

G k>q (t, £, z, x) = $(£ - € k , Cfc, z)Q k>q (t, £,x), t>0, £ Etyo, z EC, x eR, 
for \€ k \ 7^ 0. From the formula (3.3), we have 

$(t-£ k ,x' + Ck ,z) = n - z ~ u 

J. J. — I 7/ 



x' - (u - Cfc) 



n ^± n l_ 

u — Cfc A - L 1 — x'liu — 



Cfc 

= n — 



/(« - Cfc) 
1 



IT 

X . 



ue£-£ k . 



(4.11) 



(4.12) 
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By the formula (3.16), we have 

£^-4)v^y (4.13) 



cxp 



2{c k — x)x' + x' 2 \ \ If x' \ k (c k — x 



Combining (4.12) and (4.13), we have 



$(£-£ k ,c k ,z)Y,hr I 

reNo V ^ 



IT 

X 



X > -r-A ^ H, 



k 



imi k'. \ VTtJ - k \VTt 



2t J \\ u C kJu&i-€ k/ 

Then, by definition (4.10), (4.11) is proved. | 

Lemma 4.6 Assume that (C.3) holds with some k G (1/2, 1) and to G N. 

(i) Suppose that a G (l//c, 2). Tnen i/iere exists C 4 (k,to, a) > snc/i £/ia£ 

M a (r_ a (£ - <t a )) < C 4 («,m)(|a| V 1)^^ Va G supp £, (4.14) 
and (C.2) (i) holds, £/ia£ is, iaere exists C\ = Ci(a,£) such that 

M Q (0 < Cl (4.15) 

(ii) Suppose that (3 G (0, 2k - 1). Tnen £ - £ a - satisfies (C.2) (ii) Va G supp £, 
where <T a = €- k in case <T a = C k . That is, there exists C^re, to) > snca £/ia£ 

Mi (r_ a2 (£-£ a -e) <2) ) <C 2 («,m)(|a| Vl)^ Va G supp f. (4.16) 

Proof. By simple calculations we see that there exists a positive constant C(k) such 
that 

M a (r_ a n K ) < C(«)(|a| V l)* 1 "")/" Va G supp n K . (4.17) 

Suppose that £ a = t k , k G Z. Then f - <t a = £ n [5 fe _i,6 fe ] c . We divide the set 
[0fc-i,6 fe ] c into the following four sets: 

A 1 = (-oo, <?*(£; -2)], A 2 = (g"(k-2),b k - 1 > ), 
A 3 =(b k ,g K (k + 2^, A 4 = [«?«(£; + 2), -oo). 
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Then we have 



\Jr \ X ~ ^ J 



x — a 



From (4.7) and (4.8), we have 



< m 



Axk-flh ^ ' .^^l^ 1)1°' 

/ ^ < y. 



1 

— m z> 



" ^J^*) + 1)1° 
Combining these estimates with (4.17), we have 



oo. 



Since maxk-i<j<k+i\g K (j)\ < 2(ja.j V 1), we obtain (4.14). The estimate (4.15) is 
derived from (4.14) with a = and <£ a = Co, and the fact that M a (<£ ) < oo. Noting 
that (£ — (L a — <t a )^ satisfies (C.3) with 2k and 2m, we obtain (4.16) by a similar 
argument given above to show (4.14). This completes the proof. | 

Lemma 4.7 Let a G (1,2) and \a\ > 1. Assume that (C.l) and £/ie condition 

M a (r_ a O < C 5 |ap (4.18) 

wrf/j some 7 > and C 5 > are satisfied. Then there exists C 6 = C 6 (ai, /3, Ci, C 5 ) > 
snca i/iai 

|M(r_ a O-M(0| <C 6 | ar \ 

where 5± = a(l + 7) — 1. 

Proof. From Lemma 4.3 and the fact that Mi(r_ a £,L) is increasing in L, we see 
that 

max M^r^L) = M^t^Lq) < (2M a (r_ a O) Q5l/(5l - Q+1) < C\a\^ 

from (4.18) with a constant C > 0. Combining this estimate with Lemma 4.3, we 
have 

M 1 (r^,L)<C\a\ s ^L s \ (4.19) 
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We assume a^O. By the definitions of M(£) and M(r_ a £), 



|M(r_ a O - M(0| < 1+ fv° }) + \a\ [ 

\ a \ J{a,0} c 



\x(x — a) | 



We divide the set {a, 0}° into the three disjoint subsets {x : < \x\ < 2|a|, 2|a — rr| > 
|a|}, {x : |x| > 2|a|} and {x : < \x\ < 2|a|,0 < 2\a — x\ < \a\}. By simple 
calculation, we see 

Vo<|x|<2|o|,2|o-x|>|o| Fv X ~~ l Q l ./0<|x|<2|a| Fl l a l 

Since |x — a| > |x| — \a\ > \x\/2, if \x\ > 2\a\, 



/ J^ £2 / ^<2-M„K)>|- 

J \x\>2\a\ \ x \ x - a )\ J\x\>2\a\ Fl 



Since \x\ > \a\ — \a — x\ > |a|/2, if 2|a — x\ < \a\, 
I j{dx) < 2 /• 

7o<|x|<2|a|,0<2|o-x|<|o| f(^ — «■) | |a| Jo<2|a— x|< |a| F — a l 

Combining the above estimates with the fact | cz | 1 < 1, we have 



—M 1 r_ a £, V • 



|M(r_ a 0-M(0| <2«- 1 M a (01a|^ 1 + 2M 1 (e,2|a|) + 2M 1 ^ r _ a £, y J + 2. 

Then the lemma is derived from (4.18) and (4.19). | 
The following is a key lemma to prove Theorem 2.4. 

Lemma 4.8 Let t > 0, x G R, £ G 2)^ C 2) wit/i re G (1/2,1) and m G N. 
Then for any 9 G (3 — 2k, 2) i/iere exist positive constants C-j = Ci{t, re, Co, x) and 
Cj = Cr(t, re, m, 9, Co, x) such that 

\* k (t,£,iy,x)\ <C 7 exp[c 7 {|y| 9 +|c fe | e }], Vj/Gl, VA; G Z. 

Proof. We note the equality 

$(f - £ fc , c fc , iy) = $(f - Cfc - £_fc, c fc , iy)$(£_ fc , c fc , iy). 

Let /5 G (0, 2re — 1) and a = (1/re, 2). By virtue of Lemma 4.6, we can apply Lemma 
4.4 for £ — (C fc — <£_fc and see that there exist positive constant C 3 and 9 G (3 — 2re, 2) 
such that 

- Cfc - £_fc, c fc , iy) | < exp [C 3 {|2/r + |cfcf }] , y G R, k G Z. 
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Here we used the fact that 3 — 2k > 1/k for k e (1/2, 1). Since <&(£- k ,c k ,iy) is a 
polynomial function of y, we have 

mt-£ k ,c k ,iy)\ <C 3 exp[c 3 {\y\ e +\c k \ e }j, y e R, k e Z, 

for some C3 > 0. Hence, from the definition (4.9) of ^ k (t, £, z, x), to prove the 
lemma it is enough to show the following estimates: for any £ = 1, 2, . . . , 



\(z-c k ) e - 1 \ = 0(\zt^V\c k f^), 
\0 k/ (t,Z,x)\ = O(\c k \*), \k\^oo, 



00, \z\ — > 00, 



(4.20) 
(4.21) 



^ e fc) ,(*,^a:)s(,_| Ci ||| ( £ fc |_/_i)(wfc - c fc ) < exp C{\c k f VI), fc G Z, (4.22) 

9=|£fcl 

with some C — C(t, x) > and 0' < 0. Since (4.20) and (4.21) can be confirmed 
easily, here we show only the proof of (4.22). Since \v k / — c k \ < A k , 1 < £ < \£ k \, 
from the fact (3.1) 



s (5-|«fc|||«fcM-i)( v * - c fe) < 



9- 



7 - 1 
£-1 



A« < q^A q k , q e N. 



Put A fe = A fe + (e fc _! A e fc )/2, and remind that A k = 0(c[ K 1)/k ), \k\ -> 00. Then 
we have 

s (5-|«fc|||«fcM-i)( v * ~ c fc) < C" A fc 9 > k <E Z, qEN, 
with some positive constant C" > 0. Then 



®k,q{t,$;,x)S( q -\<r k \\\ < r k \-i- 1 ){v k - C k ) 



q 1 



r=0 



(q-r)\ \^/2i 



Ai 



C fe - X 



2t 



a; 



and thus 



XI Q k,q(t,^x)s^ q -\e k \\\e k \-t-i)(vk - c fc) 
9=1 Cfc I 



1 f A h 



Since 



dz k 



q\ \V2l 



H„ 



c k -x 



2t 



reN 



2zy— z^ 



2=0 



dz k 



2z\v\- 



u — c k 



z=0 
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we obtain from (4.13) 



E 

geN 



1 / A, 



2t 



< exp 



H„ 



2A k (c k -x)+A 2 k 
2t 



0\ 



exp (cV +(k ~ 1)/k ) (4.23) 



\k\ — > oo, with a constant C = C(t,x). And if (£ — £fc)(u) > 1, then |u — Cfc| > 
A k + e fe _i A e k and 

=-J < Cm 

1 - A fe /|u - c k \ 

with a positive constant C. Hence from (3.2) 



rSN 

< exp 



h r 



1 



M(r_ Cfc (e - <£*)) | A, + CmA, 2 M 2 (r„ Cfc (e - £*))' 



(4.24) 



Using Lemmas 4.6 and 4.7, we see that 



M(r_ Cfc (e-e fe )) 



A fe = 0(|p fc |* 1+ ^/*), |fc|-oo, 

with any 5 X > {1 + (1 — k)/k}/k — 1 = 1/k 2 — 1, and 

A k 2 M 2 (r^ - <Z k )f = o(\c k \ a ^'«A? k ) = 0(1), |*| - oo. 

Since 1/k 2 - 1 + (k - 1)/k + 1 + (« - l)//c = l//t 2 + 2(/c - 1)/k < 3 - 2k, for 
re G (1/2, 1), (4.22) is derived from (4.23) and (4.24). This completes the proof. | 

Proof of Theorem 2.4- (i) By Lemmas 4.5 and 4.8, if £ e 2) , 

^do/^s, x|a/) / dy'p(t,-iy\y')$(£,x',iy) 
= ^p(s,a;|c fe ) / dy'p(t,-iy\y')V k (t,Z,iy',x). (4.25) 

Since this equality holds even if we replace £ by £ fl [— L, L] for any L > 0, 

lim K ?n[ ~ L ' L] (s, x; t, y) + l(s > f)p(s - i, x|y) 

L^oo 

= lim f tn[-L,L}(dx')p(s,x\x') I dy' P (t,-iy\y')<S>(tn[-L,L},x',iy) 
L ^°° Jm. Jr 

= lim Vp(s,x|c fc ) / dy'p(t,-iy\y')^ k (t,£n[-L,L},iy',x). 
L_>0 ° •/R 
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By Lemma 4.8, we can apply Lebesgue's convergence theorem to show that the limit 
is 

^2p(s,x\c k ) / dy'p(t,-iy\y')y k (t,t,iy',x). 

We can repeat the argument in the proof of Theorem 2.2 given at the end of Section 
4.2. Then if £ G 2)o? (R^S(t),t G [0, oo)) is well-defined with the correlation kernel 

K^(s,x;t,y) = ^p(s,x|c fc ) / dy' p(t, -iy\y')^ k (t,^,iy' ,x) 

-l(s>t)p(s-t,x\y). (4.26) 

It is equal to (2.3) of Theorem 2.2 by the equality (4.25). When £ G 2) \ 2) , (4.25) 
is not valid. For any L > 0, however, the equality 

K« n[ - L ' L] (s, x- t,y) + l(s> t)p(s - t, x\y) 
= ^2p(s,x\c k ) / dy'p(t,-iy\y')V k (t,€n [-L,L], iy',x) 



holds by the continuity with respect to the initial configuration for Dyson's model 
with finite particles. Then, again by Lemma 4.8 with Lebesgue's convergence theo- 
rem, we will obtain the result (4.26). 

(ii) By the fact (2.7) and the definition of ^ k , we see that for any k G N, t > 0, and 

x, y' G R 

lim V k (t,€ n ,iy',x) = y k (t,t,iy',x). 

n— »oo 

By using Lemma 4.8 we see that, for fixed t > 0,x G R, there exist 6 G (1,2), 
C 7 = C 7 (t, x) > 0, and C 7 = C 7 (t, x) > such that 



\V k (t,Z n ,iy',x)\ < C 7 exp [C 7 \\y'\ e + \c k \ e j\, k G Z, y' G R, n G N. 
Therefore, by applying Lebesgue's convergence theorem, we obtain the theorem. 
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